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Abstract. We present some results concerning currents of integration on finite-dimensional 
analytic spaces in Hilbert spaces, using the setting of metric currents. In particular, we obtain 
the characterization of such currents as positive closed (fc, fc)— rectifiable currents and solve 
the boundary problem for holomorphic chains. 



1. Introduction 

The theory of currents found deep and important appHcations in complex analysis and ge- 
ometry; just to mention a fcw of them, we recall the characterization of holomorphic chains by 
King in and by Harvey and Shiffman in [S] , the removal of singularities for analytic functions 
and sets by Shiffman in |14j and the boundary problem for holomorphic chains by Harvey and 
Lawson in [HIIT]. 

Such a powerful tool was extended to general metric spaces in [T] and we described some 
possible applications to complex analysis in [10[ . specializing the theory in the case of singular 
complex spaces and complex Banach spaces. In order to gain a wider understanding of the latter, 
here we turn our attention to holomorphic metric chains in Hilbert spaces, tackling two specific 
problems: firstly, we consider positive (fc, A:)-rectifiable closed metric currents and investigate 
their link with complex analytic sets; then, we proceed to study the boundary problem for 
holomorphic (metric) chains and give a positive answer under suitable hypotheses of regularity 
and of general position. 

We organized the material as follows. 

After recalling the basic definitions and properties of metric currents and rectifiable sets in 
metric spaces (from we summarize the results presented in [lOj on the extension of metric 

currents to complex Banach spaces. 

In Section 4. the properties of analytic sets and of the currents of integration associated 
to them are investigated; in particular, we introduce the concept of positive metric currents, 
presenting some simple properties, and we obtain a weak analogue of Wirtinger's formula. 

The main result of this section is the extension of King's characterization theorem (see [3]) 
for holomorphic chains to Hilbert spaces. 

Theorem 14.51 Let Q, (Z H he a hall, S he a rectifiable current in f2. Suppose that 

(1) suppdSTl = 0; 

(2) S is a (fc, k) positive current. 

Then S can he represented as a sum with integer coefficients of integrations on the regular parts 
of analytic sets. 

In the last section, we turn our attention to maximally complex metric currents and CR- 
manifolds. We recover a finite-dimensional embedding result and a characterization for maxi- 
mally complex integration currents. 
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Finally, we tackle the boundary problem for holomorphic chains in a Hilbcrt space: we solve 
the problem with a technical hypothesis on A/, specifically, the existence of a finite rank projection 
with transverse self-intersections. 

Theorem 15.61 Let M be a compact, oriented (2p — I) — manifold (without boundary) of class 
embedded in H , and suppose that there exists an orthogonal decomposition H = (B H' 
such that the projection tt : TJ — > C^, when restricted to M , is an immersion with transverse 
self-intersections. Then if M is an MC— cycle there exists a unique holomorphic p— chain T in 
H \ M with suppT g H and finite mass, such that dT = [M] in H . 

It is worth noting that the Hilbert space hypothesis isn't clearly required in these results, but 
our methods rely heavily on the possibility of estimating norms in terms of coordinates, which 
is a feature essentially related to the existence of an orthonormal basis. 

Acknowledgements. I acknowledge the support of the Italian project FIRB-IDEAS "Analysis 
and Beyond" . I also thank prof. Luigi Ambrosio for the fruitful discussions about the geometric 
measure theory tools employed in the proof of King's result. 

2. Metric currents 

Let A be a metric space. Let us denote by Lip(A) the space of complex-valued Lipschitz 
functions on X and by Lip^(A) the algebra of bounded complex- valued Lipschitz functions. 
Following [T^, we introduce the spaces 

£HX) = {{f,7ri,...,7Tk) |/GLipb(A), eLip(A), i = l,...,fc}, ^"(A) - Lip,(A) . 

The elements of these spaces are called metric forms. 

Definition 2.1. A k— dimensional metric current is a functional T : £^{X) — > C satisfying the 
following 

(1) T is multilinear 

(2) whenever (/, tt') — > (/, tt) pointwise, with uniformly bounded Lipschitz constants, then 

r(r,^*)^T(/,^) 

(3) r(/, tt) ~ 0, whenever there is an index j for which nj is constant on a neighborhood of 
supp/ 

(4) T has finite mass, i.e. there exists a finite Radon measure /i on A such that 

\nf,n)\<l[Up{TT,) f \f\dt, V(/,7r)ef'=(A); 

the infimum of such measures fi is called the mass (measure) of T. 

We will denote by Mfc(A) the space of fc— dimensional metric currents on A; endowing Mfc(A) 
with the mass norm ||T|| = /x(A), where /z is the mass measure of T, we turn it into a Banach 
space. We will sometimes write T{fdTT) for T{f, tti, . . . , TTfc). 

We refer to [T] for a detailed discussion of the general properties of metric currents; here we 
recall only the main definitions and facts. 

Definition 2.2. We say that Th e Mk{X) converge weakly to T G Mfe(A) if 

Th{fdTr) ^ T{fd^) V fd-K e £\X) . 
Definition 2.3. Given T G Mk{X), fc > 1, we can define the boundary of T by 
dr(/,7ri,...,^fc_i) =r(l,/,^i,...,7rfc) V/d7ref^-i(A) . 
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The functional dT satisfies the first three assumptions, but will not in general be of finite 
mass; in that case, we say that T is a normal metric current. The space Nk{X) of A:— dimensional 
normal metric currents is a Banach space when endowed with the norm ||r||Ar = ||T|| + ||rfT||. 

Definition 2.4. Given a Lipschitz map between complete metric spaces F : X ^ Y and 
T e MkiX), we define the pushforward F^T e Mfc(r) of T through F by 

^1, . . . , TTk) = T{f o F, TTi o F, . . . , TT, o F) V(/, tt) e . 

We observe that, if /i and Jl are the mass measures of T and FjjT respectively, we have 

Jl < Up{F)''F^fi . 

Moreover, one has F^idT) = diF^T). 

Definition 2.5. Given T G Mk{X) and uj = {u,vi, . . . , Vh) G £'^{X), with h < k, the contraction 
of T with io is Tloj G Mk-h {X) and it is defined by 

rLw(/,7ri, . . . ,7rfe_^) = T{fu,vi, . . . ,Vh,TTi, ■ . ■,'rrk-h) 

for every (/,7ri, . . . ,7rfc_/0 G £''~''{X). 

We have that 

||rLC.||< sup 1^.1 nLip(«.)l|r||. 

i=i 

Definition 2.6. The support of T G is the least closed set suppT such that if supp/ 

doesn't intersect suppT, then r(/, tt) — 0. 

By the finiteness of the mass, we can extend a metric current as a functional on ^°°{X) x 
[Lip(X)]'^, that is, we can allow the first entry of the metric forms to be a bounded Borel fimction 
on X. The previous definitions and remarks all extend without changes. 

Proposition 2.1. Let T G Mk{X) be a metric current, then 

(1) T is alternating in tti, . . . , tt^, 

(2) T satisfied the chain rule and the Leibniz rule, 

(3) T — i^S with S G A/fc(suppr) and i : suppT — )■ X the inclusion. 

The proofs of these statements can be found in [T] . 
We recall a compactness result for normal currents. 

Theorem 2.2. Let {Th) C Nk{X) be a bounded sequence and assume that for any integer p > 1 
there exists a compact I'Cp C E such that 

\\n\\{E\Kp) + \\dn\\{E\Kp) < i V/iGN. 

Then, there exists a subsequence (Tf^^^^) converging to a current T G Nk{X) such that 

oo oo 

||T||(F\|J A,) + ||dr||(F\|J A',)=0. 
p—i p—i 

Finally, we recall the comparison theorem between classical and metric currents, in the form 
given in |10j . 

Theorem 2.3. Let U be an N ~ dimensional complex manifold, N > 1, endowed with the distance 
given by an hermitian metric. For every m > there exists an infective linear map Cm ■ 
M„i{U) %n{U) such that 

Cm{T){fdgi A ... A dg,„) = T{f, gi,..., gm) 
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for all . . . ,.9™) G C^{U) x [C°°([/)]™. T/ie following properties hold: 

(1) /or TO > 1, d o Cm — Crn-i ° d; 

(2) there exists a positive constant ci such that, for all T G Mm{U), 

cT'\\T\\<MiC^{T))<cl(^)\\T\\ 




(3) the restriction of Cm to Nm is an isomorphism onto DTm/ 

(4) the image of Cm contains the space dmiU). 

2.1. Rectifiable currents and slicing. Let 'H'^ be the fc— dimensional Hausdorff measure on 



Definition 2.7. We say that a T^'''— measurable set S C X is countably TL'' — rectifiable if there 
exist sets Ai C MJ^ and Lipschitz functions fi'.Ai^X such that 



Lemma 2.4. Let S C X be countably H'' — rectifiable. Then, there exist finitely or countably 
many compact sets Ki C K'^ and bi-Lipschitz maps fi : Ki S such that their images are 
pairwise disjoint and n''{S \ U.J.,{K^)) = 0. 

Definition 2.8. A current T e Mk{X) is said to be rectifiable if 

(1) ||rl| is concentrated on a countably 7^ '^—rectifiable set; 

(2) ||T|| vanishes on H*^— negligible Borel sets. 

The space of rectifiable currents is denoted by TZk{X). 

We say that a rectifiable current T is integer rectifiable if for any (f> G Lip(X, R'^) and open 
set i? in X one has (pf{T\_B) = [u] with u £ L^{M.^ , Z). The space of such currents is denoted by 



Theorem 2.5. Let T E Mk{X), k>l. Then T G 7^fc(X) (resp. T G Ik{X) ) if and only if there 
exist a sequence {Ki} of compact sets in M.^ , a sequence {Oi] of functions in L^(]R'^,R) (resp. 
L^(R'"',Z)j with supp^i C Ki and a sequence {/;} of bi-Lipschitz maps fi : Ki X such that 



for every Borel set A C X and for every (/, tt) G £''{X). 
Definition 2.9. Given T G TZkiX), we set 

Sr^ixeX : efc(||T||,a;)>0} 

and we define the size of T as 

S(T) =H'=(5t) . 

One can show that St is countably H'"'— rectifiable, that ||r|| is concentrated on St and that 
any other Borel set on which ||r|| is concentrated includes St up to H*^— negligible sets. 

Given T G Mk{X), tt G Lip(X,R™), we define the slice {T,tt,x) G Mk-m.{X) by 

{T, TT, x) (/, 77) = lini T(/p, o TT, TT, ri) 

where pe is any family of moUifiers, for every x G K™ for which the limit exists. 



X. 
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Theorem 2.6. IfT e NkiX), tt G Lip(X,M™), then 

(1) for C™ — almost every x S , the slice {T,Tr,x) exists and is normal and d{T, Tr,x) 
{-iy-{dT,7:,x); 

(2) for all {f,g) e B°° x [Up{X)f~^^, 



{T,TT,x){f,g)dx = TL(l,7r)(/,g) ; 
(3) for every \\T^{1^'k)\\ — measurable set B C X, 

\\{T,^,x\\{B)dx^\\T^{l,^)\\{B). 



2.2. Rectifiable currents in Banach spaces. Let us specialize the theory of metric currents 
to the case when X is a Banach space {E, || ■ ID- recall some notions on metric differentiability, 
Jacobians, area and coarea formulas from [T] and [5]. 

Let us suppose that E' is a u>*— separable dual space, i.e. that E — G* and that there exists 
a sequence {(j)h)h C Lip;^(G) such that 

\\x - vWg = sup|^h.(a;) - (f>h{y)\ V x,y e G . 

h 

Given instead x,y £ E, we define 

oo 

dw{x,y) = ^ 2"\{x - y,gn)\ , 

where {gn}n is a dense subset of the unit ball of G. The topology induced by d^ on the bounded 
sets of E is called w*— topology. 

Definition 2.10. A sequence (Th) C Mk{E) is said to w*~converge to T e Mk{E) if Thifdn) 
tends to T{fdn) for every fdn £ £^{E) with w*— continuous coefficients. 

We have the following weak*-compactness result. 

Theorem 2.7. Let Y be a w* — separable dual space, let {Th) C Nk{Y) be a bounded sequence, and 
assume that for any e > there exists R> such that Kh ~ Bji{{)) n suppT/j are equi-compact 
and 

sup ||r;,||(r \ Kh) + \\dTh\\{Y \ Kh) < e . 
hen 

Then, there exits a subsequence (Th(n)) w* -converging to T ^ Nk{Y). Moreover, T has compact 
support i/suppT/i are equi-bounded. 

Definition 2.11. We say that / : K*^ — > i? is metrically dijferentiable at a; G R*^ if thcr exists a 
seminorm || • in R*"' such that 

\\fix)-f{y)\\E-\\x^yh^o{\x~y\). 

This seminorm will be said to be the metric differential of / at x and denoted by mdf[x). 

Definition 2.12. We say that / : R'' ^ £; is w* -differ entiable at x if there exists a linear map 
L -.M.^ ^ E satisfying 

* fix) - f{y) ~ Ljy ~ x) 
w — lim j j — (J . 

y^x \x — y\ 

This map L will be said to be the w*-differential of / at x and denoted by wdfx- 
Theorem 2.8. For a Lipschitz map / : R'^ — > we have 

mdfx(v) = \\wdfx{v)\\ 
for T-O'-a.e. x ^M.^ , for every u G R'^. 
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Definition 2.13. Given S a countably H'^— rectifiable set in E, if fi,Ai are as in Definition 12 .71 
tlie approximate tangent space to S in fi{x) is 

T'^n'^''\SJ,{x))=^wd{f,UR') . 

This definition makes sense for 'H^—a..e. x £ Ai and it is well posed as the dimension of the 
tangent is V.'^—a.e. k and it does not depend on the //s; moreover 

TanW(5i,2/) =TanW(52,j/) 

for H'^-a.e. y e SiHSi- 

Definition 2.14. Let L : M''' — > E' be linear. The k-jacobian of L is defined by 

T IT)- _ 'HH{L{^) ■■ xeB,}) 

' nH{x : \\L{x)\\<l}) 

where Bi is the unit baU of M*^ and ujk = 1-0^ {Bi). 

Jfe satisfies the product rule for jacobians: 

Jfe(LoM) = Jfc(L)Jfc(Af) . 

In the same way we can define the fc— jacobian of a seminorm s on M*^: 

Jfc(s) 



W'iix : s{x) < 1}) ■ 
Theorem 2.9. Let f -.M} ^ E be a Lipschitz function. Then 

f 9{x)3k{fndf,)dx^ f V e{x)d'H\y) 
for any Borel function 9 : R'"' — > [0, +oo] and 



^ xef-^{y) 



e{f{x))Jkimdf,)dx= / eiy)n''{Anf-'{y))dn\y) 

A JE 

for A a Borel set in R'^ and 9 : E ^ [0, +oo] a Borel function. 

Moreover, we can also define the tangential differential on a rectifiable set. 

Theorem 2.10. Let Y and Z be duals of separable Banach spaces and let S C Y be countably 
H'^ ~ rectifiable and let g G Lip{S,Z). Let 9 : S ^ (0,+C!o) be integrable with respect to T-L^^S 
and set fi ~ 9'H''\-S . 

Then, for TL^ — a.e. x ^ S there exis a linear and w* — continuous map L : Y ^ Z and a Borel 
se C S .such that Q^{fi\_S^ , x) = (the upper k— dimensional density of fi^S^ in x) and 

j.^^ dw{g{y),g{x) + L{y - x)) ^ ^ 

S\S-3y^x \V-x\ 

The map L is uniquely determined on Tan^*^^ [S, x) and its restriction to this space, denoted by 
d^gx, satisfies the chain rule 

wd{g o h)y = d^ gh(^y) o wdhy for Q}' — a.e. y <E A 

for any Lipschitz function h : A ^ S , A C K*"'. 

We have therefore a general area formula. 
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Theorem 2.11. Let g : E F be a Lipsehitz function between Banach spaces and let S G E 
be a countably Ti.^ — rectifiable set. Then 

I e{x)3k{d^g.,)dH\x)= I ^i^)dn''{y) 

for any Borel function : S* — > [0, +oo] and 

[ 9{g{x))3k{d^g,)dn\x)^ [ 6{y)V!' {Ar\ g-\y))dH\y) 

J A JF 

for any Borel set A C E and any Borel function 6 : F ^ [0, +oo]. 

Finally, we mention a compactness theorem proved in [3]. 

Theorem 2.12. Consider a normed space E such that E* is separable, n G N, and a sequence 
(Tfi) C Nk{E*) such that we have 

M = sup M{Th) < +0O Md = sup M {dTh) < +oo 

h h 

and the w* — tightness condition 

lim ^M\\TH\\{E*\BR{Q)) + \\dTu\\{E*\BR{m=^ ■ 

Then there exists a subsequence (T'/j(„))„ w* — converging to T G Nk{E*) with M{T) < M and 
M{dT) < Md. 

3. Metric currents on complex Banach spaces 

The results collected here and in the next subsection appear in [TU], where we refer to for 
detailed proofs. 

We examine the behavior of metric currents in relation with their projections on finite dimen- 
sional subspaccs. In order to recover informations on the whole space from its finite dimensional 
subspaces, we introduce the following category of Banach spaces (see also |12j). 

A (complex) Banach space E is said to have the projective approximation property (PAP 
for short) if there exist a constant a and an increasing collection {Et}teT of finite dimensional 
subspaccs of E such that 

1) {Et}t£i is a directed set for the inclusion; 

2) E=\jEt; 

3) for every t £ I there exists a projection pt : E ^ Et with |||5t|| < a. 

Every Banach space with a Schauder basis has the PAP. Two important cases of PAP Banach 
spaces with no Schauder basis are C{K), the space of continuous functions on a compact space 
K with the sup norm and LP{X,fj.), with 1 < p < +00, where X is a locally compact space 
and /i being a positive Radon measure. In this section, we will work with Banach spaces having 
the PAP; wc will endow the set / of indeces with the partial ordering coming from the inclusion 
relation between subspaces. 

Proposition 3.1. Let f G Lip(£') and define ft — f opt. Then ft ^ f pointwise and Lip(/t) < 
aLip(/), for every t G L. 

Proposition 3.2. Let T e Mk{E) and define Tt = (7rt)|j(T) e Mk{Et) for every t e I such 
that dime Et > k. By means of the inclusion it : Et E, we can consider Tt as an element of 
Mk (E) and then, Tt ^ T weakly. 
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Let {Et,pt}t£i be the countable collection of subspaces and projections given by PAP. We 
call it a projective approximating sequence (PAS for short) if pt o Ps = Pniin{s,t}- 

We note that every separable Hilbert space or, more generally, every Banach space with a 
Schauder basis contains a PAS. 

Theorem 3.3. Let us suppose that {Et,pt} is a PAS in E. If we are given a collection of metric 
currents {Tt}tei such that 

(1) Tt e Nk{Et), 

(2) {pt\E^,)^Tr = Tt for every t,t' € I with t' > t, 

(3) ||Tt|| < {,Pt)*l^ and \\dTt\\ < {pt)*v for every t <E I and some /x, v finite Radon measures 
on E . 

then there exists T G Nk{E) such that {pt)f,T = Tt for every t £ T 

We can substitute the request of the existence of a PAS and the compatibility condition 
(hypothesis (2)) with an assumption on the existence of a global object. A metric functional 
is a function T : £^{E) — > C which is subadditive and positively 1— homogeneous with respect 
to every variable. For metric functionals, we can define mass, boundary and pushforward (see 
Section 2 of P). 

Proposition 3.4. Let E he a Banach space with PAP. Suppose that T : £^{E) —> C is a metric 
functional with T and dT of finite mass, such that {pt){T £ Nk{Et) for every t € I. Then 
T e NkiE). 

3.1. Bidimension. We say that T £ M„i{U) is of bidimension {p,q) if 

r(/, 7ri,...,7r,„) = 

whenever there exists / C {1, . . . , m}, with |/| > p, such that T^i\supp{f) is holomorphic for every 
i G /, or J C {1, . . . , m}, with \ J\ > q, such that Tri\supp{f) is antiholomorphic for every j G J. 
For a careful analysis of the notion of holomorphy in this context we refer the interested reader 
to the first chapters in jl2j . Here we only notice that Lipschitz holomorphic functions are not 
necessarily dense in the space of Lipschitz functions. 

However, inspired by the links we found between the finite dimensional projections of a current 
and the current itself, we would like to give a different characterization of {p, g)— currents. 

We say that T € [E) is finitely of bidimension {p, q) if every finite dimensional projection 
of it is a (p, q)— current. 

Proposition 3.5. T G Mk{E) is a {p, q) — current if and only if it is finitely so. 

As an application of Theorem 13. 3[ we have the following result about the existence of a 
Dolbeault decomposition for T G Mk{E). 

Proposition 3.6. Let us suppose that {Et^pt} is a PAS in E. Let T G Nk{E); if Tt has 
a Dolbeault decomposition in normal (p,q) — currents in Et for all t G T, with a finite Radon 
measure v (independent of t) whose pushforward dominates the boundaries' masses, then also T 
admits a Dolbeault decomposition. 

Remark 3.1. In general it is not easy to verify the hypotheses of Proposition 13.61 for a current 
T G NkiE); however, this result is an example of a general phenomenon: in a Banach space with 
the projective approximation property, it is often enough to check a certain property for finite 
dimensional subspaces in order to obtain that it holds for the whole space. For instance, any 
equality between currents holds in E if and only if it holds finitely, namely whenever the currents 
are pushed forward through a finite rank projection. 

Employing the idea given in this Remark, we can show the following. 
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Corollary 3.7. IfTCz Mk{E) admits a Dolheault decomposition, then it is unique. 

Let us suppose that T is a (p, g)— current whose boundary admits a Dolbcault decomposition. 
Then we can define dT and dT as follows. 

Write dT ^ Si + . . . + Sh with Si G Mp^^q^{U) where + q,, = p + q - 1 = m since dT e 
Mp^q^i{U). If (./, tt) is a m— form of pure type {pi,qi), then 

Sp^,,^if,7T)=dT{f,7r)^T{lJ,7T) 

ii Pi > p or qi > q,and consequently T(l,/, tt) = 0, since T is a (p, g)— current. Therefore, we 
can only have two cases: p = pi and q — 1 = qi or p — 1 = pi and q ~ qi i.e. 

dT ~ Sp^q—l + Sp—l,q 

and we put 

dT = Sp-i^q dT — Sp,q-i 

Therefore, if a current T admits a decomposition in (p, q) components, we can define dT and dT 
setting 

h h 

BT^^dTi dT^Y^m 

i=l 1=1 

where T = Ti + . . . + T/j is the (p, g) decomposition. 

Proposition 3.8. If H : E ^ F is a holomorphic map between complex Banach spaces, then, 
for every current T G A/„i (E) for which dT and dT are defined, the following hold: 

dT ^ dH{r H^dT = d%T 

Moreover, it is easy to check that C,„ o d ^ d o Cm and Cm o d ^ d o C,n, where C,„ is the 
map given by Theorem 12.31 

Proposition 3.9. We have that d^ = d =0 and dd ~ —dd 

3.2. d and slicing. Let T be a normal metric current whose boundary admits a Dolbeault 
decomposition. Then supp cJT, supp ST C suppdT and. moreover, ||(?rm, ||9rm < C||(ir||^ for 
every A(Z X. In particular, if dT is rcctifiable, then dT and dT are too. 

The slices of a current T through a map tt : E ^ K." are defined by 

(r,7r,x)(/,r,) = lim r(p,.,/,7r,7?) = lim(-l)"(^-i-")^j(rL(/, 77))(p,.„ Xi, . . . , a:„) 

with p^^x any family of smooth approximations of Sx- If ir : E ^ M^" = C", we can write the 
slices as 

(r,7r,x) = lim7r(t(TL(/,77))(pe, 2^,21,^1, ■ • .,Zn,Zn) ■ 

Proposition 3.10. The operators d and d commute with the slicing through holomorphic maps. 

Proof: Let T G Nk{E) be a normal current, such that dT and dT are again normal. Let 
TT : — > C" be a holomorphic map. 

We start with the finite dimensional case, supposing that E = C^. 

Let (/, 77) be a (A: — 2n — 1)— metric form with coefficients. We treat only the case of dT, 
the proof for dT being analogous. 

Let 2i, . . . , z„ and wi, . . . , wpf be holomorphic coordinates in C" and C^, respectively. The 
slice (9r, TT, a;) exists for a.e. x, by Theorem 12.61 and we have 

(dT,TT,x){f,r]) = \imTTi{(dTy{f,r])){p^^x,zi,zi,...,Zn,Zn) . 

e— >0 
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Now, we set rf^ to be the {k — 2n — 1)— tuple differing from 77 only in the /i— th component, which 
is {— 1)'^ drill /dHjj. By [TU] [Proposition 6] 

N 

(BryU, V) = {-l?-'d{T^{f, v)) + E T^idf/dw„ w„ri) + E Tl(/, w,,7r^^) 

and we note that T\_{f, rf) is a 2ri, + 1— form, so 

7rj5rL(/,77)=a7r„TL(/,77)=0 
by Proposition [niHl as tt is holomorphic. It follows 

N 

nii^T^if' v)){Pe.x, zi,..., z„) = E ■K^{T^{df /dwj, Wj,ri)){p^^^, zi, . . . , z„) + 

,xt ■ • ■ ■) ) 

X]^ ( ■ °^):'^1>'^1: . . . ,7r„,7f„,?7j +Er(/ ■ 7r),7ri,. . . , 7f„, t?-''') 

N 

= E Tl (pe^^j; O TT, TTl , . . . , Ttr,){df/dWj , , ??) + ^ Tl (pe,;:^ O TT, TTl , . . . , 7f„) (/, , ^■''^ ) . 

Now, again by flOj [Lemma 1], we have 



j=i \ J / 

= X! O TT, TTl, . . . , 7f„) ( "^J"' '?) + X] 1™ rL(pe,2: O TT, TTl , . . . , 7f„ ) (/, Wj^fj^^) 

j=l \ J / j ;j 

and by the previous computation this is equal to 

lhn7rj((9T)L(/,77))(pe^2:,7ri, . . . ,7f„) = (dT,TT,x){f,ri) . 

Therefore, for every (/, 77) with f E 

{dT,7r,x)if,v)=d{T,7r,x)if,r,) . 

This means that the functional d{T, tt, x) can be extended to all the metric forms as a metric 
current, by defining it equal to (9T, 7r,x). 

If E is infinite-dimensional, the previous argument gives that 

{dT,7r,x){f,Tj)=d{T,7T,x){f,ii) 

for every metric form whose coefficients depend on a finite number of variables. This implies 
that 

{pt)i{dT,n,x) = {pt)id{T,7T,x){f,v) 
for every finite rank projection pt, and consequently that 

(BT, tt, x) = d{T, TT, x) . 

□ 

As already said, the previous proof works also for the d: 

d(T, TT, X) = (9r, TT, x) . 
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{ddT, TT, x) 



{d(fT, TT, X) . 



4. Analytic sets in Hilbert spaces 



There arc many possible definitions for a finite dimensional analytic set in an infinite-dimensional 
space. Here we adopt the following (see [IS])- 

Definition 4.1. Let H he a. complex Hilbert space (or more generally a Banach space). A closed 
set A <Z H will be called a finite- dimensional analytic set in H if, locally in H, A is an analytic 
subspace of a complex submanifold of H of finite dimension . 

Remark 4.1. This definition is equivalent to the one given by Douady in [5] (see [T3] for the 
details). 

An equivalent definition is the following (see [1|): A G H is a. finite-dimensional analytic 
set if for each v € H there exist a neighborhood U, another complex Hilbert space H' and 
a holomorphic map F : U ^ H' whose differential has finite dimensional kernel such that 
Ar\U = F~^{Q). This follows easily from the Implicit Function Theorem; this turns out to be 
equivalent to asking for a map whose differential has finite dimensional kernel and cokernel (i.e. 
a Fredholm map) such that A n f7 F"i(0). 

We recall a result from |13) . 

Theorem 4.1. Let X he an analytic subset of finite dimension, W be a hilbertian manifold and 
f : X ^ W a proper holomorphic map. Then, f{X) is a finite- dimensional analytic subset of 



Example The properness assumption cannot be dropped as shown by the following example. 
Let us consider the space £^ of square-summable sequences of complex numbers and consider the 
holomorphic map g : ^> £^ given by 



The preimage of {0} is {z — 0}, which is not compact. Let X = .g(ID)^) and assume, by a 
contradiction, that there exists a holomorphic function $ : — > C is a holomorphic function 
vanishing on X; then $ o g = and consequently. 



W. 



g{z,w) = {zit;"}„eN ■ 




n,m>0 



One has 



= 



d^o g 



dz 




since 



^(0,0) = 



Vfc 
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and 



(0,0) ^ ^ gk{z,w) = zw 4^ k = 1 



dzdw 

Proceeding in this way, we can show that d^/dej = in G for aU j e N. Therefore all the 
derivatives of $ vanish at the origin, which means that no regular hypersurface of €^ can contain 
a neighborhood of G X. 

The major advantage of the given definition is that we can recover the local properties of 
finite-dimensional analytic sets in an infinite dimensional space from the usual local results on 
analytic sets in a complex manifold. In particular, let X he a finite-dimensional analytic set in 
H, then 

(1) X admits a local decomposition in finitely many irreducible components; 

(2) such a decomposition is given by the closure of the connected components of the regular 
part of X; 

(3) for every x E X there exist a finite-dimensional subspace L of H and an orthogonal 
projection t: : H ^ L which realizes a neighborhood of x S X as a finite covering on L; 

(4) X is locally connected by analytic discs; 

(5) if X is irreducible, every nonconstant holomorphic function is open; 

(6) if X is irreducible, the maximum principle holds; 

(7) if X is compact and H is holomorphically separable, then X is finite. 

The behaviour of the analytic sets in a Banach space can vary wildely, depending on the 
properties of the space. We give here some examples. 

Example Let cq be the vector space of sequences of complex numbers vanishing at infinity, i.e. 
{a„} C C such that lim„_>.oo = 0; cq is a Banach space with the supremum norm. We consider 
the holomorphic map / : B ^> cq given by 

f{z) = {z"}„eN ; 

/ is a regular and injective holomorphic map; its image is contained in the unit ball of cq and if 
{zk} is a sequence converging to bB, {f{zk)}k does not converge, therefore / is proper. Thus, 
/(D) is a complex manifold of dimension 1 in E, which is bounded. 

Example Generalizing the previous example, we consider the Banach space of p— summable 
sequences of complex numbers and the holomorphic map F ■.^3'' £p given by 

F{zi,...,zk) = {z'}i 

where / varies through all the multi-indeces of length k. We have that 

\z^\ < (max{|zi|,...,|zfc|})l^l 

and the number of multiindcxes / with |/| = ii + . . . + ik — m is 

^TO + fc — 
k-l 

which is less than (2m) if m is large enough. Therefore 

^ < ^(2m)'=(max{|zi|, . . . , \zk\}r 

I rn 

which converges for max{|zi|, . . . , |zfc|} < 1. 

Again, the map F is regular, injective and proper with unbounded image F(D''). We observe 
that _F(D'^') provides an example of finite dimensional manifold not contained in any finite- 
dimensional linear subspace. 
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4.1. Positive currents. 

Definition 4.2. Let T be a metric current. We say that T is positive if, given tti, . . . , TTp G 

OiX), 

T{f,TTl,TTl,...,TTp,TTp) > 

for every Lipschitz function f > on X . We say that a current is finitely positive if every finite 
dimensional projection of it is positive. 

Proposition 4.2. Let Q d H be an open set. T G Al2p{^) is positive if and only if it is finitely 
positive. 

Proof: Obviously, if T is positive then every complex linear pushforward of it is positive. On 
the other hand, if Pm ■ H — )■ is the projection on the first m coordinates, then, by Proposition 
EUl f °Pm ^ f pointwise and Lip(/ o p^) < Lip(/). 
Therefore, 

T(/, TTi, . . . ,7fp) = lim T(/ op„,,7ri op„, . . . ,7fp op„J = 
lim (pm)tjT(/|p (^),7ri|p (m,...,7fp|p (^)) >0, 

which is the thesis. □ 

On an infinite dimensional complex space, the plurisubharmonic functions are defined by the 
submean property: let D, <Z H be an open set and let w : 51 — M U { — 00} be an upper scmicon- 
tinuous function (not identically equal to —00); u is plurisubharmonic if 

u{a) < u{a + e'%)de 
Jo 

for every a G O and every b E H such that a + A6 G fl for every A G C with | A| < 1. See also [TT| 
for a discussion of the properties of such functions. 
Define d'^ ^ i{d — d) . 

Proposition 4.3. Let T G M2p{^) be a positive closed current with bounded support and u : 
n — > MU{— 00} a bounded plurisubharmonic function. Then dd'^{T\_u) is a closed, positive metric 
current with bounded support and the following estimate holds: 

M{dd^{T^u)) < \\u\UM{T) . 

Proof: We note that the result is true for any finite-dimensional projection of T. Namely, if 
Pm is as above, 

{pm)idd''{T^u) = dd''{{pyn)(r^{uopm)) = dd^iTm^Um) 

with Tm a positive closed current with compact support in C™ and it„i a bounded plurisubhar- 
monic function. Then we know that 

dd''{Tm\-Urn) = T„iL(d#W,„) 

in the sense of distributions and for every compact K we have 

MKidd^iTrn^Urn)) < C\\Urn\\oo ,K Mk (Tm) ■ 

As p,n is an orthogonal projection, MB{Tm) < Mb{T), whereas the fact that converges weakly 
to T, together with the semicontinuity of the mass, implies that Mb{T) < limsup MB(Tm), 
therefore MsiTm) Mb{T) for every bounded set B in fl. 
This means that, for j big enough, 

MKidd'iTm^^Um,)) < C\\u\\^,KMKiT) 

so, bv l2.12[ we can find a subsequence w * —converging to some S G A/2p-2(^^)- 
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Such an S is such that (7rm)j5 — Tm for infinitely many m, therefore S coincides, as a metric 
functional, with dd'^{T\_u). Moreover, 5* is positive and closed and 

Mk{S) < \\u\\oo,KMKiT) . 

We note also that supp S C supp T. □ 

In view of the previous Proposition, we will denote by dd'^u A T the current dd'^{T\_u). 
Proceeding by induction, we can give a meaning to the writing 

dd^ui A ... A dd^Up A T 

for a current T in the hypotheses of the previous Proposition. Such a definition allows us to 
write an analogue of the Monge- Ampere operator in Hilbert spaces. 

4.2. Currents of integration on analytic sets. Let y be a finite-dimcnsional analytic set in 
some open domain U d H; since, by definition, V is locally contained in some finite-dimensional 
submanifold, we know that it is locally of finite volume. Therefore, for any p G V there exists a 
ball B such that the current [y]LB of integration on the regular part oi V B is a, well-defined 
rectifiable metric current. The following result gives an estimate for the mass of such a current, 
analogous to Wirtinger formula in the finite dimensional case. 

Proposition 4.4. Let H be a Hilbert space, with scalar product (•, V an analytic set in an 
open set U d H , with dime Kog = P- Let fl be a ball in U and let [V] be the current of integration 
associated to V Hfl m f2. Then 

M([y])<Jim J2 iy](^^^^^l^^^l^■■■^Z,^^zA <+0O , 

l<ii<...<ip<n ^' ' 

where {zj}j^jq are coordinate functions with respect to some orthonormal basis. 

Proof: Given an orthonormal basis {e„}„gN; let Em = spanjei, . . . , Cm} and TTm ■ H Em 
the orthogonal projection. We denote [V]m = {T^m)i[V] and observe that [V]m [V] weakly, so 
that by the semicontinuity of the mass we get 

A/([y]) <liminfAf([y]„) , 

m— f oo 

where the masses are relative to or to ilm ~ Em respectively. 

On the other hand, the projections iTm have norm ||7rm|| < 1, so, if /i is the mass measure of 
[V], we have 

\[v]m{f,v)\<l[^-^p{vj) I 

This implies that the mass measure of Em is dominated by (7r„i)u^, therefore 

Mm < (7rm)jM ^J. 

which means that 

AlilV]) = < liminf < lim {nm)Mfl) = = M{[V]) . 

Now, Em with the induced scalar product is the usual complex hermitian space C" and the 
pushforward of an analytic chain is again an analytic chain. Therefore 

M{[V]m) < [V]m{0jUP^-) = n^'^iVm) < CpM{[V]m) 

where 

m . m 
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and Cp is a constant depending only onp (see [T], after Remark 8.4). Noticing that [F]m(a;f„/p!) = 
we obtain 

M{[V]) < Jim < CpMi[V]) < +00 , 

l<ii<...<ip<n ^' 

which is the thesis. □ 

Remark 4.2. The current [V] is obviously positive, of bidimension (fc, fc) for some k and its 
boundary is supported outside 51. 

Given an orthonormal basis {ej}j^iq and a multiindex / = let ttj denote the 

orthogonal projection from H onto Spanjcij^, . . . , e^^}. 

Theorem 4.5. Let U, <Z H he a ball, S be a rectifiahle current in Q. Suppose that 

(1) suppdSTl fl = 0; 

(2) S is a (fc, k) positive current. 

Then S can be represented as a sum with integer coefficients of integrations on the regular parts 
of analytic sets. 

Remark 4.3. We cannot show that X is a finite-dimensional analytic space in the sense precised in 
the beginning of this section; indeed, in the example discussed before, the map /(z, w) = (zw")^, 
gives an analytic space which carries a current of integration which satisfies the hypotheses of 
the previous theorem but cannot be written ad the integration on a finite-dimensional analytic 
space. 

Proof: Since S' is a metric current, we can define its pushforward through any Lipschitz map. 
We note that (7r/)tjS' = m/[V/] with Vj = 7r/(r2). By (ii) we know that m > and by the fact 
that dSi-fl = 0, we deduce that S is integral in f], therefore m S N. 

By Theorem 12.61 for almost every y € Vj we can define (5, tt/,?/); moreover, we can find a 
H^*^— rectifiable subset B of supp S and an integer multiplicity function 9{x) such that S = [B]\_9; 
then 

{S,7rj,y)= 

x£7ij'^{y)nB 

and 

Y 0ix) = (S,7Ti,y)il)^m. 
Let us call G/ C Vj the set of y such that the slice exists; then for j ^ I and z G G, we set 

where Wj{x) is the j— th coordinate of x in the fixed orthonormal basis. 
We note that 

x£Try^(z)nB 

is a holomorphic function of z, because dS = 0, therefore by a classical argument Pj{z, W) is a 
polynomial with coefficients in 0{Vi) for every j ^ /. 

After removing an H^'""— negligible set from G/, we have that Pj{z,Wj) = for every j ^ I 
and every x = {z,w) G nJ^lGi) HB. 



16 



SAMUELE MONGODI 



Let us define 

Xi = {P,{z,w,)^0 , J ^1} X^[jXi. 

I 

We can look at Xj as the zero locus of the map 

Pi-.H^ Spanc{e, : j ^ 1} = 

given by 

In order to show that P/ is well defined, we observe that, since Pj{z, W) is a polynomial in W, 
for a fixed z we have 

\Pjiz,W)\ <mm{d(W,Wj{x))"', x e ttY\z) n B} 

with TO > 1. if is close enough to some Wj^x). Therefore, for p = (z, w) in a neighborhood of 
P, we can write 

^ \P,{Z,W,)\^ < \W, - W,ix)\'"^ < \\p - < +00 

where x is the nearest point in i? to p = {z,w). The map Pj is obviously holomorphic, as its 
entries are polynomials in Wj with coefficients holomorphic in the first k coordinates. 

This shows that Xj is locally given as the zero locus of a holomorphic map between Hilbert 
space, therefore it is an analytic set. Moreover, let x G Xj be a smooth point and suppose that 
dimcTxXj > k. By construction, ttj\t^Xi '■ TxXj — >■ C*^' has maximum rank, therefore we can 
find TO such that, setting J = / U {to}, the projection ttj restricted to T^Xi is surjective onto 
j^fe+i_ This means that P,n{z,W) = 0, but this is impossible. So, dimcT^Xi = fc, i.e. the 
regular part of Xj is a smooth fc— dimensional complex manifold. 

Now, let 

Bi = {xeB : J2fc^/(x) 7^0} 

i.e. the set of points x of i? such that Dttj has rank 2k on the approximate tangent to B at x; 
define also 

Ci = {BnV)\Try\Gi) . 

By Theorem 12. Ill we have 

/ ;f2k7ri{x)dn'H^) - / ( / gdnA dn^\y) = o 

JBinCi JVi\Gi \JTTj^(y)r\B J 

where g is the characteristic function of Bj DCj. Since J2fc7r/ > on Bj Ci Ci, this means that 
ij2'^(B/nC/) = 0. 

Obviously, B = [J Bj and 




but 

B \\JnY'{Gi) = f]{B \ nY'iGi)) C f]{{B \ Bj) U (Bj n C,)) C \J{Bi nCi) = D. 
Ill I 

Since H^'^iBi n C/) = 0, we also have n^''{D) = and ■H'^''{B \X) ^ 0. Moreover, as X is 
closed in f2, supp S C X; therefore S* = [BOX]. 

If we denote by Xj-^g the union of the regular parts of Xj, then S'L^iog is a (fc, fc)— current, 
positive and closed, with support on a fc— dimensional smooth complex manifold. Therefore, 
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Si-Xj-cg can be written as a series with integer coefficients of tlie currents of integration on tlie 
connected components of X^^g- 

There exists r > such that tti{V) contains a ball of radius r for every /; therefore, the 
"H^*^— measure of the regular part of X/ is uniformly bounded from below independetly of /. On 
the other hand S'L^i-cg is of finite mass; therefore it has to be a finite sum. 

Finally, let us consider the rectifiable set R = B \ X^-cg. If we project it on the first m 
coordinates, for m > fc + 1, we obtain that its image is the singular set of a fc— dimensional 
analytic space, therefore "H^*^— negligible; again by Theorem 12. Ill 

/ J2kid'^7rm:,)dn'"'ix) = / ^{x G R H Ti'^ {y)} dU^'^ 

JR JC" 

with TTm ■ H — )■ Spanjei, . . . , em} the orthogonal projection. Let us denote by ri{x) the approxi- 
mate tangent to R in x; then the 2A:— jacobian of -Km on Tan(2'=)(i?,s) is given by the projection 
of ri{x) on Spanjei, . . . , e™}. 

We define Am = {x & R : J2k{d^7Tmx) > 0} and we note that Ak+i U Ak+2 U . . . = i?, up to 
"H^*^— neglibigle sets. But 

y" J2fc(dVnJrfH2'=(x) = Ju^eAmnTT-^\y)}dH^''= J i{xeRnTT-^\y)}dn^'' ^0 

because n„i{A,n) Q 7r„j(i?), which is 'H^'^— negligible. Therefore 'H^'^{R) = 0, so Si-Xi-eg = S and 
this concludes the proof. □ 



5. Boundaries of holomorphic chains 

Proposition 5.1. Let M be a compact submanifold of a complex reflexive Banach space E 
with complex structure J , such that dimg M ~ 2p — 1 and dime T^M D JTzM ~ p — I for every 
z G M . Then there exists a complex linear map F : E ^ C" for some n > which restricts to 
an embedding of M into C" . 

Proof: Given z G M, let /i.^, . . . , Ip^^ linearly independent elements of E* such that 
ker /i,^ n . . . n ker /p_i,^ n T^M n JT^M = {0} 

and 

ker n . . . n ker /p_i,^ n ker Re /p,^ n T^M = {0} ; 

both these conditions are open. By compactness, we can find finitely many li, . . . ,In such that 
for every point z € M there exists indexes ji < . . . < jp such that 

ker^j, n . . . n kerZjp_, n T^M n JT^M = {0} 

and (viewing i? as a real vector space) 

ker lj^r\...n ker lj^_-^ n ker Re Ij^ n T^M = {0} . 

This means that if we define L : E ^ C'^ by L ^ {Ii,...,In), we have that the differential dL 
is always of real rank 2p — 1 on M and it is complex linear on T^Af n JT^M . 

Let J7i, . . . , C//i be the open sets and li, . . . ,lp, Ip+i-, ■ ■ ■ , hpi ■ ■ ■ , Ihp be the maps constructed 
as above and {VjljLi a- collection of open sets in M such that for each Vj there exists a J7,y(j) 
such that Vj (e C/^(j) and IJ Vj = M. 

For a fixed j, the set {L{Vj)) is a union of connected components which are relatively 
compact in some open sets Uki , ■ • ■ , Uk^ ; therefore, there exist /ij linear maps fj,..., fj' such 
that for each connected component there is one map which separates it from the others, that is, 
a map which has different values on it and on the union of the others. 
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Now, consider the map F — {li, . . . , l^p, fl, ■ ■ ■ , Jk^)- By the first part of the construction, F 
has an injective differential on M ; by the second part, it is globaUy injective on M. Therefore 

is a holomorphic embedding of A/ into C", where n = hp + fii + . . . + fiK, reahzed with a 
complex linear map. □ 

Let M be a compact submanifold of a reflexive complex Banach space E with complex 
structure J, with dimu M ~ 2p — 1. M induces a metric current [M] of dimension 2p — 1. 

Proposition 5.2. The following are equivalent: 

(1) dimc(r,A/ n [JT^M)) =p-l\f zeM; 

(2) [Af](a) = for every metric (r, s)—form a on E with r + s = 2p — 1 and \r — s\ > 1; 

(3) M is locally the graph of a CR-function: for every z Cz M there exists U neighbourhood 
of z in E such that M ClU is the graph of a function f : M E' , M a CR- submanifold 
of 'CP , E' a closed subspace of E such that E = E' (B C'P and f a CR-function on M. 

Proof: 1) =^ 2) Let a = {f,gi,...,gr,hi,...,hs) and let i : M ~^ E an. embedding whose 
differential is complex linear when restricted to (the preimage of) T^M nJTzM; then [M] = i^T, 
with T £ M2p-i{M). By the comparison theorem for manifolds, T is induced by a classical 
current T' on M ; but then, 

[M]{a) ^T{f oi,gioi,...,h,oi) =T'{foid{gi o i) A . . . A d{hs o i)) . 

The functions gj o i have complex linear differentials on i^^{TM f) JTM), therefore if there are 
more than p of them, their wedge product will vanish; the same holds for the differentials of the 
functions hj o i. So [A/] (a) = if \r — s| > 1. 

2) 1) Let p : E ^ be a finite-dimensional embedding for M, which is holomorphic 
on E. If 

dime Tp^z)p{M) n Jc^Tp^z)p{M) = dime T,M n JT,M <p-l 
then there exists a metric (r, s)— form /3 on with r + s = 2p — 1 and |r — s| > 1 such that 

Jp{M) 

SO 

p*fi^O 

and p* P is a (r, s)— form on E with |r — s| > 1. 

3) =^ 1) Let / : M ^ £" be the given CR-function; we define G : a7 a7 x by 
G{p)^{pJ{p)). _ 

Let F : <D' ® E' ^ E he the given isomorphism; then {F o G)^TpM — Tp(^p f(^p^^M and, since 
TpM contains a complex subspace of complex dimension p — 1, so does the tangent space of M. 

1) 3) Let us fix z G M and let Hz be the complex subspace of T^E of (complex) 
dimension p containing T^M . By rcficxivity, E ^ E* , so wc have a splitting oi E = ® E' for 
some closed subspace E' . By construction, w : E Hz is a. local embedding when restricted to 
a neighbourhood U of z in M , because it has a maximum rank differential at z. 

Let M be the image of U trough tt; we have the function f : M ^ E' defined by {p, f{p)) G 
J7n7r"^(p). By construction, MnJT M C— linear, so / is a CR-hmction and U is its graph. 
□ 

Definition 5.1. Let iS be a {2p — I)— current with compact support in a complex manifold X; 
we say that S is maximally complex if A'/^.s = for |r — s| > 1. 



A 
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Remark 5.1. Sr,s in general won't be a metric current (see subsection 1.3 for an example). 
Nevertheless, the above definition makes sense for any current S, as we only require that the 
functional il/^.s be zero for values (r, s) such that |r — s| > 1. 

Proposition 5.3. Let M he a {2p — 1) — current with compact support in X , F : X ^ Y a 
Lipschitz holomorphic map. Suppose that M is maximally complex, then the same is true for 
F^M and, if p > dime Y , for {M, F, C), given that M is fiat and slices exist. 

Proof: Obviously, we have {FfM)r.s — F^{Mr^s) (this is an equality between metric functionals 
only, not metric currents). 

Moreover, if dimcl" < p and if {M,F,() exists for some ( G Y, let {pex} be a family of 
smooth approximations of (5^ . Then locally (with supp / contained in a manifold chart for Y) 

(M, F, Oif, V) = lim M{fp,.c,F, F, 77) . 

So, if Mr,s = for |r — s| > 1 then also {AI, F, ()r-m,s-m = for 1 < \r — s\ = \{r — m) — {s — m)\, 
with m = dime Y . □ 

Definition 5.2. A MC-cycle in a complex Banach space is a maximally complex (2p — 
1)— dimensional closed metric current, with compact support. 

Remark 5.2. The definition is meaningless for p = 1; the notion of moment condition which 
substitutes the maximal complexity for 1— dimensional currents cannot be given that easily in a 
Banach space and it turns out to be not automatically satisfied by a maximally complex current 
of higher dimension. The philosophical reason is the greater distance, in Banach spaces, between 
local and global aspects. 

The following Theorem follows easily from Proposition 15.31 and from the slicing properties of 
rectifiable currents. 

Theorem 5.4. Let M be a rectifiable MC-cycle of dimension (2p— 1) in a Banach space E and 
consider a Lipschitz holomorphic map F : E ^ C™. Then 

(1) F^M is a rectifiable MC-cylce of dimension {2p — 1) in C"; 

(2) if m < p ^ 1, (M, F, is a rectifiable MC-cycle of dimension 2{p — m) — 1 in E. 

Remark 5.3. By Theorem 12. 6L the slice (Af, F, C) exists rectifiable for almost every C G C™. 

Theorem 5.5. Let AI be a MC-cycle of dimension (2p — 1) in E. Then, for every linear 
projection tt : — s- and every cj) G O(suppM), we have 

a[7r|j(0Af)]"^i = . 

Moreover, there is a unique integrable compactly supported function c^ in such that 

and such a function can be obtained by convolution with the Cauchy kernel or the Bochner- 
Martinelli kernel. 

Proof: Wc know that dM = 0; since M is maximally complex, we have 

M = Mp^p^i + Afp_i,p 

so 

= dM ^ (rfM)p_2,p + (rfM)p_i,p_i + (dA/)p,p_2 • 
In particular, this means that {dM)p^p-2 = 0. Therefore 

9[^8(</)Af)]"'i = a[^8(#f)]p,p_i = [d7r„(0A/)]p,p_2 - [n^{d(bM)]p,p-2 
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but has non-vanishing (r, s)— components only for (r, s) = (p — l,p — 1) or (?', s) = 

(p-2,p-l), so h(A/L(l,0))]p,p_2 =0. Then 

d[nii(bM)f'' - [7r„(0dM)]p,p_2 = 7r„(0(dM)p,p_2) - . 

We note that 7rj(0A/) is a metric current in C^, therefore it is also a classical one, consequently 
its component of bidegree (0, 1) is a classical current as well and by the previous computation is 
9— closed. By a standard convolution-contraction with either the Cauchy kernel or the Bochner- 
Martinelli kernel, we can fin a compactly supported integrable function as requested. □ 

Theorem 5.6. Let M be a compact, oriented (2p — I) — manifold (without boundary) of class 
embedded in H , and suppose that there exists an orthogonal decomposition H = (B H' 
such that the projection n : H ^ , when restricted to M, is an immersion with transverse 
self-intersections. Then, if M is an MC— cycle, there exists a unique holomorphic p— chain T in 
H \ M with suppT (g H and finite mass, such that dT = [M] in H. 

Proof: Let m = tt{M) C C^^; for every \ e H' \ {0}, we define 7r^(z) = {tt{z), {z, A}) e CJ'+^ 

By the previous results, satisfies the same hypotheses in C^^, therefore by [6j Theorem 
6.1] we can solve the problem for AI^ = tt^{M), finding a holomorphic p— chain in Cp+^ \ M 
with the required properties. Following the proof of Theorem 6.1 in [5], we write 

CP \ m = C/o U [/i U . . . U [/fc 

where the Uj are connected components and Uq is unbounded; is locally on each Uj union of 
graphs of holomorphic functions 

F/-'':C/, h^l,...,nxj. 

Given another A' G H'\{0}, we can consider the p— chain , which will be given by holomorphic 
functions 

Ff''':Uj^C h = l,...,nx'^j; 

however, we can also consider, in Cp+^, the manifold M^'^ and the associated solution T^'^ ; 
denoting by p and p' the restrictions of tt'^ and tt^ to , we have 

Since the differentials of p, p' are of rank 2p — 1 on M^'"^ and because p and p' are holomorphic, 
their differentials are at least of rank 2p on M^^'^ ; this means that they arc of rank 2p in a 
neighborhood of M^'^ in M^''^ U suppT'^''^ (which is locally a manifold with boundary by 
Lemma 6.8 in [3], ), therefore n\j = "-a.A' j" = "-A'.j for every j and every A, X' E H' \ {0}. 
Let {A,;}ig/ be an orthonormal basis for H' and consider the holomorphic functions 

pK,h ^ (£ j = 1, . . . , fc, ft, = 1, . . . , rij, i £ I 

and define 

The function is well defined. For any finite subset of indices J G I, we can consider the 
projection 

pj :ff->CP©Span{A,},e,/ 
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and the pushforward [M]j = (pj)^[M]\ the functions {F^"^}i^j give a solution for the finite- 
dimensional problem with datum therefore Sjj^h — X^ie / is a holomorphic function 
with values in a finite-dimensional vector space, such that 

\Sj,j,h{z)\<R 

where R is such that supp \M]j C C x i?(0, i?), B{z, r) being the ball with center z and radius 
r in Span{Ai}igj. 

Now, let us take / = N and fix e > 0. By compactness, we can find I' C I finite and set 

V,=CP® Span{AJ,er 

so that d{M,Ve) < e; let H'^ be the topological complement of Ve in H, then the projection 
of AI on H'^ lies in a ball of radius e around 0. Now, for any finite subset J C I such that 
min J > max/', we have that 

\Sj,jm{z)\ < e , 
showing that the sequence of maps from Uj to H' 

I 1=0 ) mel 

is a Cauchy sequence with respect to the supremum norm on Uj. Therefore the limit Fj^{z) is 
well defined and continuous on the closure of Uj, because every element of the sequence is. 

The function is holomorphic. Indeed, for any X £ H' , wc write 



and 

We now observe that 



A = E aiXi 

(/;^z),A) = Ea,/;^-''(z) 




\oo,Uj 



which is finite, and this implies that the sequence of holomorphic functions 

I 1=0 ) mel 

converges uniformly on Uj. The limit is then holomorphic, so i^j' is holomorphic. 

The function extends to the boundary. By [6], there exist sets A G m and Ai C Af^' 
with n{Ai) = A, which are negligible and such that outside them we have regularity 

for suppT'^' U M^' and for the functions F^^'^ . Let us consider p £ m Ci Uj \ A; for each i £ I, 
one of the following two cases can occur: 

(1) F^-\p)^M^', 

(2) gM^-. 

In the former, F^^'^ extends holomorphically through p, whereas in the latter we can find a 
relatively compact neighborhood V oi p in m such that F'^"^ coincides on V with some CR 
function f : V ^ AI^' . In both cases, F^'''^ is of class near p. Let U be an open set with 
boundary in Uj such that bUj O bU ~ V. 
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The restrictions of the derivatives of i^j' to bUj are continuous, when we derive in a direction 
tangent to TbU ; however, by the Cauchy-Riemann equations, we can control the normal deriva- 
tive with the tangential ones, therefore also the normal derivative of Fj* is a continuous function 
when restricted to bU. 

We note that from this follows that the image of bU through one of these maps is a compact 
set in H' and we can replicate the previous argument, obtaining that the sequence 



mel 



is a Cauchy sequence with respect to the supremum norm on U. 

Therefore, the limit is continous on the closure of U, thus implying that 

d 



< +00 



00,(7 



Moreover, on bUObUj ~ V, Fj* coincides with / and wc can cover "H^^^^— almost all of bUj with 
open sets where coincides with some CR-functions realizing M as a graph. Therefore, as M 
is a compact manifold, 

d 



hence 



< +00 



< +00 



The current of integration on the graph of Fj" has finite mass. By the previous paragraph, 
there exists a constant Ch,j such that 

|VF/(z)|2 = |VF/''''(z)P < C,,j for every z £ . 

lei 

It is easy to show that there exists a polinomial gp{X) such that 

\ai\ < S < +00 ^ Y\_ ^ 9p{S) < +00 . 
J \j\=pieJ 

Therefore 

n < 9p{Ch,j) < +00 for every z e U, . 

We consider the form 

'^tW- E ^dFf-\z)^dF]-\z) 

\j\=pieJ 

which is well-defined by the previous estimates and note that 

\\Vj\\oc,u, <9p{Chj) . 

Let {wi}i^i be coordinates for the basis {Aijig/, i.e. Wi{v) = {v,Xi) for v G H' , and denote by 
Tfi,j the (alleged) current of integration on the graph of Fj'. Then 



Tft J (1, Wi^,Wi^,..., Wi^ , Wi^p) 



dF^"''"{z) A dF^"'\z) A ... A dF^'^-^^iz) A dF^'"'^ {z) 
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Therefore, by Proposition 14. 4[ we have 

p 

p'=0 

We have to sum all the values from to p' because we apply the formula of Proposition 14.41 in 
H and not in H' , so we have to consider also the p— tuples of coordinates coming in part from 
CP and in part from H'. 

As the arc a finite number of functions, we can consider the metric functional of integration 
on their graphs and denote it by T. T is a holomorphic p— chain in _ff \ M, it has finite mass and 
its support is contained in a product of discs, therefore it is relatively compact in H . Moreover, 
for H^^*"^— almost every point in M there is a neighborhood where suppTUM is a manifold. 

This implies that T is a metric rectifiable current in H. We note that for any finite- 

dimensional projection p : H C™, we have that d{pf^T) = pf^[M]; it is an easy application of 
Theorem 13.31 to show that this implies dT = [M]. Finally, it is not difficult to see that the map 
X I— >■ {x, F^i^x)) is proper into H \ M, which is an hilbertian manifold, hence by Theorem 14. II its 
image is a finite dimensional complex space in H \ M . □ 

Remark 5.4. Suppose we are given a family il/, of AfC— cycles each satisfying the hypothesis of 
Thcorcm l5.6l depending on some parameter s ^ U C C in a way. Locally in s, we can assume 
that the various manifolds Ms project, through the maps tTs given by hypothesis, to the same 
immersed manifold m C C^. 

Therefore, the functions F^'^ constructed during the proof of Theorem 15.61 depend on s in a 

way. This implies that Fj'^ vary continuously in s. 

Hence, the map associating to s the solution to dT^ ~ [il/,] is continuous in s. 

The compactness of M is needed only to ensure that there is a finite number of connected 
components in \ m. Therefore, we also have the following result. 

Theorem 5.7. Let M be a bounded, oriented {2p — 1) — manifold (without boundary) of class 
embedded in H , with finite volume. Assume that there exists an orthogonal decomposition 
H ^ CP ® H' such that the projection tt : H C^, when restricted to M , is a closed immersion 
with transverse self-intersections. Then, if M is an MC— cycle, there exists a unique holomorphic 
p— chain T in H\M with suppT d H and finite mass, such that dT ~ [M] in H . 

Proof: As tt is supposed to be closed, 7t{M) is a closed and bounded subset of C, therefore 
compact. By the finiteness of volume, we know that [M] is a well-defined metric current and we 
can proceed with the same proof as before. □ 
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